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Abstract

(The original conference version of this paper mischaracterizes the contributions of the current

authors, relative to the contributions of Keogh et al. [11, 12]. We would like to take this opportunity

to correct this in this online version, which should be considered the official version of this work.)

Boundary image matching identifies similar boundary images using their corresponding time-series, and

supporting the rotation invariance is crucial to provide more intuitive matching results. Computing the

rotation-invariant distance between image time-series, however, is a very time-consuming process since

it requires a lot of Euclidean distance computations for all possible rotations. To solve this problem, in

this paper we use a novel notion of envelope-based lower bound proposed by Keogh et al. [12] to reduce

the number of distance computations dramatically. With the help of Keogh et al.’s prior work [11, 12],

we first explain how to construct a single envelope from a query sequence and how to obtain a lower

bound of the rotation-invariant distance using the envelope. We then explain that the single envelope

lower bound can reduce a number of distance computations. This single envelope approach, however,

may cause bad performance since it may incur a larger lower bound due to considering all possible ro-

tated sequences in a single envelope. To solve this problem, we present a concept of rotation interval,

and using the concept of multiple envelopes proposed by Keogh et al. [12] with these rotation intervals,

we then generalize the envelope-based lower bound by exploiting multiple envelopes rather than a single

envelope. We also propose equi-width and envelope-minimization divisions as the method of determining

rotation intervals in the multi-envelope approach. We further present an advanced multi-step matching

algorithm that progressively prunes search spaces by dividing the rotation interval in half. Experimen-

tal results show that our envelope-based solutions outperform naive solutions by one to three orders of

magnitude.

Keywords: boundary image matching, data mining, rotation-invariant distances, similar sequence match-

ing, envelope-based lower bound
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1 Introduction

Owing to recent advances in computing power and storage devices, similarity search on large time-series

databases, called time-series matching [2, 7, 11, 19, 21], has been an attractive research issue. Also in

many practical applications such as handwritten recognition [17], image matching [13, 22, 25], query by

humming [27], moving object trajectories [4], and biological sequence matching [14], there have been many

attempts to exploit the recent time-series matching techniques. Among these applications, in this paper

we focus on the boundary image matching for a large image database. Boundary image matching converts

(boundary) images to time-series as shown in Figure 1 [13, 22, 26], and it identifies similar images using the

time-series matching techniques [12, 13, 22, 25].
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Figure 1: An example of converting an image to a corresponding time-series by CCD.

In boundary image matching, supporting the rotation invariance is crucial to provide more intuitive

matching results, and many recent efforts focus on the rotation-invariant boundary image matching [12, 25].

Definition 1, which is modified from Keogh et al.’s work in [12], shows the rotation-invariant distance

between two sequences converted from boundary images. (Hereafter, we use time-series and sequences

interchangeably.)

Definition 1 Given two sequences Q (= {q0, q1, . . . , qn−1}) and S (= {s0, s1, . . . , sn−1}) of length n,

their rotation-invariant distance RID(Q,S) is defined as Eq. (1).

RID(Q,S) =
n−1
min
j=0

D(Qj , S) =
n−1
min
j=0

√√√√
n−1∑

i=0

∣∣q(j+i)%n − si

∣∣2, (1)

where Qj = {qj , qj+1, . . . , qn−1, q0, . . . , qj−2, qj−1}, D(Q,S) is the Euclidean distance between Q and S,
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i.e., D(Q,S) =
√∑n−1

i=0 |qi − si|2, and % is the modular operator. ¤

In Definition 1, Qj (= {qj , qj+1, . . . , qn−1, q0, . . . , qj−2, qj−1}) is obtained from Q by rotating it j times,

and we call Qj the j-rotation sequence of Q. For example, 1-rotation sequence of Q is Q1 = {q1, q2, . . . , qn−1, q0},

and 5-rotation sequence of Q is Q5 = {q5, q6, . . . , qn−1, . . . , q3, q4}. As shown in Eq. (1), we get the

rotation-invariant distance, i.e., the minimum Euclidean distance, by considering all possible j-rotation se-

quences. Referring to the prior work by Keogh et al. [12] and using the rotation-invariant distance, we

re-define the rotation-invariant boundary image matching as follows1:

Definition 2 Given a query sequence Q and the user-specified tolerance ε, the rotation-invariant (boundary)

image matching is the problem of finding all data sequences whose rotation-invariant distances from Q are

less than or equal to ε. ¤

Definitions 1 and 2 show that, for each data sequence of length n, we need Θ(n) of Euclidean distance

computations (i.e., Θ(n2) of time complexity), and for a large number of data sequences, this is a very

time-consuming process in boundary image matching [12, 25].

Keogh et al. [12] proposed a novel notion of envelopes and their lower bounds 2, and in this paper

we use their envelope concepts to reduce the number of rotation-invariant distance computations that fre-

quently occur in evaluating the rotation-invariant image matching. To this end, we first explain a concept of

single envelope as follows. For a given query sequence Q, its single envelope [L,U ] is a high-dimensional

MBR (minimum bounding rectangle) that bounds all possible j-rotation sequences of Q, where L represents

a sequence with lowermost entries of Oj’s, and U represents a sequence with uppermost entries of Qj’s.

With the help of Keogh et al. [12]’s prior work, we prove that, given a query sequence Q, its envelope [L,U ],

and a data sequence S, the distance between [L,U ] and S (= D([L,U ], S)) is a lower bound of the rotation-

invariant distance between Q and S (= RID(Q,S)). Since D([L,U ], S) is a lower bound of RID(Q,S), if

D([L,U ], S) is greater than the given tolerance, computing RID(Q,S) is no more necessary. We note that

computing D([L,U ], S) is much simpler than computing RID(Q,S). We then use this pruning property to

1Besides the range query of Definition 2, the k-nearest neighbor (k-NN) query is also widely used. However, we can evaluate
k-NN queries using range queries because we can regard the distances for current k candidates as the tolerances of range queries.
Thus, in this paper we focus on the range query whose inputs are a query sequence and the tolerance.

2Many major concepts including (multiple) envelopes and envelope-based lower bounds come from Keogh et al.’s work [11, 12].
We thank to Keogh and his colleagues for their valuable contributions. We do our best to mention their contributions throughout
the paper.
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reduce the number of rotation-invariant distance computations and eventually to improve the performance

of rotation-invariant image matching.

The single envelope-based matching, however, has a problem that its lower bound is not small enough

to fully exploit the pruning effect. This is because the envelope [L,U ] should bound all possible rotation

sequences Qj’s, considering all possible Qj’s produces the larger envelope, and the larger envelope incurs

the smaller lower bound. To solve this problem, we present a concept of rotation interval, and using it we

generalize the single envelope lower bound to the multi-envelope lower bound 3. We obtain rotation intervals

by dividing all rotation sequences, Qj’s, into multiple disjoint groups and construct an envelope for each in-

terval by considering its own Qj’s. Since each rotation interval contains only a part of rotation sequences, its

corresponding envelope is trivially smaller than a single envelope, and those multiple envelopes eventually

produce a tight lower bound, which exploits the large pruning effect. Again with the help of Keogh et al.’s

work [12], in this paper we derive the multi-envelope lower bound; based on it, we propose a multi-envelope

matching algorithm. Also, as the method of determining rotation intervals, we propose (1) the equi-width

division of making equal-sized intervals and the envelope-minimization division of minimizing the total area

of envelopes.

We next present an advanced multi-step matching algorithm to overcome the difficulty of determining

the number of rotation intervals in multi-envelope matching. The multi-step matching obtains multi-level

lower bounds by dividing each rotation interval in half and progressively prunes search spaces using those

lower bounds. In the multi-step matching, we can obtain the higher performance even without determining

the number of rotation intervals in advance. Experimental results show that the envelope-based solutions

significantly outperform naive solutions. In particular, compared with naive algorithms, the multi-envelope

and the multi-step matching algorithms dramatically reduce the number of distance computations and sig-

nificantly improve the overall performance by one to three orders of magnitude.

The rest of this paper is organized as follows. Section 2 explains related work on rotation-invariant

boundary image matching. Section 3 explains the single envelope lower bound and its corresponding

matching algorithm. Section 4 introduces the multi-envelop lower bound and its corresponding matching

algorithm. Section 5 discusses heuristic methods of dividing rotation intervals in the multi-envelope im-
3The concept of multiple envelopes was originally proposed by Keogh et al. [12], and in this paper we used their concept with

slight modification for rotation intervals.
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age matching. Section 6 proposes the multi-step matching solution that iteratively computes lower bounds

and progressively prunes unnecessary computations. Section 7 explains performance evaluation results on

rotation-invariant image matching. We finally summarize and conclude the paper in Section 8.

2 Related Work and Naive Algorithms

Time-series matching is the problem of finding data sequences similar to the given query sequence. There

have been a lot of research efforts on time-series matching started from Agrawal et al. [2]’s whole matching

and Faloutsos et al. [7]’s subsequence matching solutions [5, 9, 15, 16, 18]. As the similarity measure of

time-series matching, Euclidean [2, 16, 18, 19, 20] and DTW (dynamic time warping) [5, 9, 10, 11, 12] dis-

tances are popularly used; as the query type, tolerance-based range queries [7, 13, 19] and k-NN queries [5,

9, 10, 11] are mainly used. Boundary image matching [12, 13, 22, 25] handled in this paper is one of the

important applications in these time-series matching solutions.

Image matching [8, 23], also known as content-based image retrieval (CBIR), identifies data images

similar to the given query image, and it is one of the most important research topics in image processing

areas. In image matching, there have been many research attempts to use various features of images. The

representative features are colors [24], textures [6, 29], and shapes [26]. Among these features, we focus on

shape features of an image. Main considerations of the shape-based image matching are object boundaries

or regions contained in an image [28]. In this paper we use the centroid contour distance (CCD in short) [12,

13, 25, 26], which is the simplest method that uses boundary features of an image. As shown in Figure 1,

CCD maps a boundary image to a time-series of length n as follows: it first evenly divides 2π into n angles

of the same size ∆θ(= 2π/n), where the direction is from the centroid to the boundary; it then obtains n

boundary points; and it finally computes the distance of each boundary point from the centroid. Likewise,

using CCD we can map boundary images to time-series and exploit time-series matching techniques in

boundary image matching [12, 13, 22, 25].

A few recent works were reported in using time-series of boundary images. First, using the rotation-

invariant property of DFT magnitudes Vlachos et al. [25] proposed a novel solution to rotation-invariant

image matching. They also improved performance by indexing the image time-series. Second, Keogh et

al. [12] showed that their tight lower bound LB Keogh [11] could also be used in rotation-invariant image
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matching and provided a novel solution for the DTW distance as well as the Euclidean distance. In [12],

Keogh et al. presented a novel notion of envelope-based lower bounds. We here use their novel notion

and technical solutions as the theoretical background of this paper. These solutions, however, focus on

reducing the number of candidate data sequences through the filtering process, and computing the rotation-

invariant distances for these filtered candidates is still and inevitably necessary. It means that our solution

can be applied to their post-processing part of computing the rotation-invariant distances. Third, Kim et

al. [13] proposed a noise control mechanism in boundary image matching by exploiting the time-series

moving average transform. Our solution is quite different from theirs since they focus on the noise reduction

while we focus on the rotation invariance in boundary image matching. Fourth, Moon et al. [22] recently

introduced a scaling-invariant problem in boundary image matching and proposed a divide-and-conquer

solution by presenting lower and upper bounds to supporting the scaling invariance. Our solution is also

different from theirs since they focus on the scaling invariance while we focus on the rotation invariance.

Algorithm 1 shows a straightforward algorithm of rotation-invariant image matching, called RI-Naive.

As shown in the algorithm, for each (candidate) data sequence S (Line 2), RI-Naive calculates the rotation-

invariant distance from Q and investigates whether the distance is less than or equal to the tolerance ε (Lines

3 to 8). We next derive RI-EA by applying the early abandon [12] to RI-Naive. The early abandon stops

the distance computation if the intermediate distance exceeds the given tolerance, and it is known to reduce

a large number of multiplications and summations. That is, in computing D(Qj , S) of RI-Naive (Line 4),

the early abandon immediately stops the further computation if the intermediate square sum is greater than

the squared tolerance (i.e.,
∑t

i=0 |q(j+i)%n − si|2 > ε2, t < n). Except using the early abandon, RI-EA has

the same structure of RI-Naive.

Algorithm 1 RI-Naive (query sequence Q, a set S of data sequences, tolerance ε)
1: R := ∅; // R is the result set.
2: for each data sequence S ∈ S do
3: for j := 0 to (n− 1) do // investigate all j-rotation sequences one by one.
4: if D(Qj , S) ≤ ε then // if Qj is similar to S,
5: R := R ∪ {S}; // include S in the result set R.
6: break;
7: end-if
8: end-for
9: end-for

10: return R; // return the result set containing rotation-invariant similar sequences.
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3 Single Envelope Lower Bound and Its Matching Algorithm

A big performance problem of RI-Naive and RI-EA is incurring a large number of Euclidean distance

computations. For two sequences of length n, computational complexity of their rotation-invariant distance

in RI-Naive and RI-EA is Θ(n2). This is because we compute n Euclidean distances by rotating a sequence

n times, each of which has the complexity of Θ(n). In particular, for a large number data sequences, this

higher complexity becomes a critical issue of performance degradation. Thus, in this paper we use an

envelope-based lower bound proposed by Keogh et al. [12] to improve the performance of rotation-invariant

image matching. Definition 3 shows the envelope-based lower bound of [12], which is computed by the

distance between the envelope of a query sequence and a data sequence.

Definition 3 Given a query sequence Q of length n, we organize a lowermost sequence L (= {l0, . . . , ln−1})
and an uppermost sequence U (= {u0, . . . , un−1}) by Eq. (2) and call this pair of L and U , denoted by

[L,U ], the envelope of Q. For a data sequence S of the same length n, we define the distance between S

and [L, U ] of Q as Eq. (3).

li =
n−1
min
j=0

(ith entry of Qj) =
n−1
min
j=0

q(i+j)%n,

ui =
n−1
max
j=0

(ith entry of Qj) =
n−1
max
j=0

q(i+j)%n,

where i = 0, . . . , n− 1. (2)

D([L,U ], S) =

√√√√√√√√√√√

n−1∑

i=0





|si − ui|2 , if si > ui;

|si − li|2 , if si < li;

0, otherwise.

(3)

The following lemma shows the lower bound property of the distance between a query envelope and a data

sequence. Keogh et al. proved this property in [11, 12], and we re-explain it with our notations.

Lemma 1 Given a query sequence Q and a data sequence S, the distance between the envelope [L,U ] of

Q and S, D([L,U ], S), is a lower bound of the rotation-invariant distance between Q and S, RID(Q,S).

That is, D([L,U ], S) ≤ RID(Q,S) holds.

PROOF: The Euclidean distance between Q and S of length n is
√∑n−1

i=0 |qi − si|2. According to Eq. (2)
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of Definition 3, the lowermost and the uppermost sequences L and U are obtained from the smallest and

the largest entries of Q, respectively, and thus, all the entries of Q are resided in between L and U . That is,

li ≤ qi ≤ ui trivially holds. Here we know that if si > ui, |si − qi| ≥ |si − ui| holds by qi ≤ ui; if si < li,

|si − qi| ≥ |si − li| holds by li ≤ qi; otherwise (i.e., li ≤ si ≤ ui), |si − qi| ≥ 0 trivially holds. Thus,

D([L,U ], S) obtained by summing |si − ui|2, |si − li|2, and 0 should be less than or equal to RID(Q, S)

obtained by summing |si − qi|2. Therefore, D([L, U ], S) is a lower bound of RID(Q,S). ¤

Hereafter, we simply denote the lower bound D([L, U ], Q) of Definition 3 by LBSE(Q,S) since it

is made from “a single envelope” that bounds all possible rotation sequences. (SE stands for “Single

Envelope.”) By using LBSE(Q,S), we can discard a large number of data sequences in advance without

computing their complex rotation-invariant distances. That is, if LBSE(Q,S) is greater than the tolerance

ε, we can conclude that S is not similar to Q without computing their actual rotation-invariant distance

RID(Q,S). Thus, by computing RID(Q,S) only for the case of LBSE(Q,S) ≤ ε, we can reduce actual

rotation-invariant distance computations. We now propose Algorithm 2, called RI-SE, as a rotation-invariant

image matching algorithm that exploits LBSE(Q, S) to prune unnecessary distance computations. Compu-

tational complexity of LBSE(Q,S) is merely Θ(n), which is lower than Θ(n2) of RID(Q,S), and thus,

RI-SE can improve the overall matching performance if LBSE(Q,S) works well as a lower bound.

Algorithm 2 RI-SE (query sequence Q, a set S of data sequences, tolerance ε)
1: Construct L and U from Q; // organize an envelope [L,U ] from Q.
2: R := ∅; // R is the result set.
3: for each data sequence S ∈ S do
4: if LBSE(Q,S) ≤ ε then // discard S immediately if LBSE(Q,S) > ε
5: if RID(Q,S) ≤ ε then // compute the actual rotation-invariant distance
6: R := R ∪ {S}; // include S in the result
7: end-if
8: end-for
9: end-for

10: return R; // return the result set containing rotation-invariant similar sequences.

RI-SE of Algorithm 2, however, has a problem that, if differences of entries in Q are large, it may

not fully exploit the pruning effect due to the large envelope [L,U ] (i.e., due to the small LBSE(Q,S)).

Example 1 explains this problem.

Example 1 Figure 2 shows sequences of length 360 converted from boundary images. Figure 2(a) shows

a query sequence Q, its envelope [L,U ], and a data sequence S. The shaded area in Figure 2(b) represents
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the rotation-invariant distance RID(Q,S), and the shaded area in Figure 2(c), which is actually empty,

represents its single envelope lower bound LBSE(Q,S). As shown in Figure 2(a), the envelope [L,U ] is

determined by the maximum and the minimum among all entries of Q. Thus, [L,U ] might be too large, and

accordingly, the lower bound LBSE(Q, S) computed using [L,U ] might be quite smaller than the actual

rotation-invariant distance RID(Q,S). In Figures 2(b) and 2(c), RID(Q,S) is 137.8, but LBSE(Q,S) is

merely 0, which means that LBSE(Q,S) does not work as a lower bound of RID(Q,S). Thus, in this case

we cannot exploit any pruning effect in RI-SE. ¤
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Figure 2: An example of RID(Q,S) and its LBSE(Q,S) in the time-series domain.

Figure 3 illustrates the same problem in the image domain against the time-series domain of Example

1 (Figure 2). In Figure 3(a), the leaf image corresponds to the query sequence Q; the outer and inner circles

correspond to U and L, respectively; and the heart image corresponds to the data sequence S. Shaded areas

of Figures 3(b) and 3(c) represent RID(Q,S) and LBSE(Q,S), respectively. As shown in the figure, there

is a big difference between the maximum and the minimum entries in the leaf image. Thus, the envelope

[L,U ] is too large and encompasses the whole heart image, and accordingly, LBSE(Q,S) becomes 0, which

is useless as a lower bound. Likewise, if differences among query entries are large, the single envelope lower

bound can hardly exploit the pruning effect.

4 Multi-Envelope Lower Bound and Its Matching Algorithm

To solve the large envelope problem of RI-SE, in this section, we use a concept of multiple envelopes

proposed by Keogh et al. [12] and obtain a multi-envelope lower bound that comes from multiple small

envelopes. RI-SE makes an envelope by bounding all possible rotation sequences, and this incurs a smaller

9



(c) Single envelope lower bound .(a) Images Q/S and Q’s single envelope. (b) Rotation-invariant distance                   .
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Figure 3: An example of RID(Q,S) and its LBSE(Q,S) in the image domain.

lower bound. That is, for query and data sequences Q and S, RI-SE obtains [L,U ] by considering all

Qj’s for every j (= 0, . . . , n − 1). Likewise, considering all possible Qj’s in only a single envelope is the

main cause of incurring a larger [L, U ] and a smaller LBSE(Q,S). Thus, to overcome this problem, we

exploit the concept of multiple envelopes proposed by Keogh et al.’s [12]. More precisely, we present a

multi-envelope approach that divides possible j’s into multiple intervals, obtains a local lower bound from

each interval, and finally get a global lower bound from those local lower bounds. The intuition behind is

that a local lower bound of only a part of Qj’s will be larger than LBSE(Q,S) of all possible Qj’s, and a

global lower bound derived from locals will also be larger than LBSE(Q,S). To explain the multi-envelope

approach, we first generalize the rotation-invariant distance using a concept of rotation interval.

Definition 4 Let Qa, Qa+1, . . . , Qb be the rotation sequences of a query sequence Q, which are obtained by

rotating Q by a, a+1, . . . , b times, respectively. Then, the minimum Euclidean distance from Qa, Qa+1, . . . , Qb

to a data sequence S is defined as the rotation-invariant distance between Q and S over the interval [a, b],

and we denote it by RID(Q[a,b], S). That is, RID(Q[a,b], S) is computed as Eq. (4).

RID(Q[a,b], S) =
b

min
j=a

D(Qj , S) =
b

min
j=a

√√√√
n−1∑

i=0

∣∣q(i+j)%n − si

∣∣2. (4)

We also call [a, b] the rotation interval of the rotation-invariant distance RID(Q[a,b], S). ¤

We now present how to construct an envelope for rotation interval [a, b] and explain its lower bound

property. The following Definition 5 explains how to construct an envelope by applying a rotation interval
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to a query sequence and defines the distance between the envelope and a data sequence.

Definition 5 Given a query sequence Q of length n and a rotation interval [a, b], we organize a lowermost

sequence L[a,b] (=
{

l
[a,b]
0 , . . . , l

[a,b]
n−1

}
) and an uppermost sequence U [a,b] (=

{
u

[a,b]
0 , . . . , u

[a,b]
n−1

}
) by Eq. (5)

and call this pair of L[a,b] and U [a,b], denoted by [L[a,b], U [a,b]], the envelope of Q over [a, b]. For a data

sequence S of the same length n, we define the distance between S and [L[a,b], U [a,b]] of Q as Eq. (6).

l
[a,b]
i =

b
min
j=a

(ith entry of Qj) =
b

min
j=a

q(i+j)%n,

u
[a,b]
i =

b
max
j=a

(ith entry of Qj) =
b

max
j=a

q(i+j)%n,

where i = 0, . . . , n− 1. (5)

D([L[a,b], U [a,b]], S) =

√√√√√√√√√√√

n−1∑

i=0





∣∣∣si − u
[a,b]
i

∣∣∣
2
, if si > u

[a,b]
i ;

∣∣∣si − l
[a,b]
i

∣∣∣
2
, if si < l

[a,b]
i ;

0, otherwise.

(6)

Intuitively speaking, [L[a,b], U [a,b]] is an envelope that bounds Qa, . . . , Qb only rather than all possible rota-

tion sequences of [L,U ]. The following Lemma 2 shows the lower bound property of D([L[a,b], U [a,b]], S).

Lemma 2 Given a query sequence Q and a rotation interval [a, b], the distance from the envelope [L[a,b], U [a,b]]

to a data sequence S, D([L[a,b], U [a,b]], S), is a lower bound of the rotation-invariant distance between Q

and S over [a, b], RID(Q[a,b], S). That is, D([L[a,b], U [a,b]], S) ≤ RID(Q[a,b], S) holds.

PROOF: With the help of Keogh et al.’s work [12], we can prove this lemma. But, the proof steps are the

same as those of Lemma 1, and we thus omit the detailed proof. ¤

Considering a rotation interval ([a, b] in Definition 5) rather than the whole interval ([0, n− 1] in Defi-

nition 3) has a big advantage of increasing the lower bound. Hereafter, we simply denote the lower bound

D([L[a,b], U [a,b]], S) by LB[a,b](Q,S) to distinguish it from LBSE(Q, S) of the whole interval [0, n − 1].

Using these notations we can say that LBSE(Q,S) is obtained from [L,U ] that bounds all possible rotation

sequences; in contrast, LB[a,b](Q,S) is obtained from [L[a,b], U [a,b]] that bounds the rotation sequences in

[a, b] only. Therefore, [L[a,b], U [a,b]] will be narrower than [L,U ], and accordingly, LB[a,b](Q, S) will be

larger than LBSE(Q,S).
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Example 2 In Figure 4, query and data sequences Q and S are the same as those of Figure 2. The envelope

in Figures 2(a) and 2(c) bounds all rotation sequences in the whole interval [0, 359]; in contrast, the envelope

in Figures 4(a) and 4(c) bounds only 45 rotation sequences in the rotation interval [0, 44]. Figure 4(a) shows

a query sequence Q, its envelope over [0, 44], [L[0,44], U [0,44]], and a data sequence S. The shaded area in

Figure 4(b) represents the rotation-invariant distance over [a, b], RID(Q[0,44], S), and the shaded area in

Figure 4(c) represents its lower bound LB[a,b](Q,S). In Figure 4(a), each entry of L[0,44] (or U [0,44]]) is

determined by the minimum (or the maximum) among only 45 entries of Q rather than whole 360 entries.

Thus, [L[0,44], U [0,44]] of Figure 4(a) is narrower than [L,U ] of Figure 2(a), and LB[0,44](Q,S) obtained

from [L[0,44], U [0,44]] is larger than LBSE(Q,S) obtained from [L,U ]. In this example, LB[0,44](Q,S) is

81.7 which is quite larger than 0 of LBSE(Q,S) and much close to 137.8 of RID(Q,S). Therefore, if we

use LB[0,44](Q,S) in the matching process, we can exploit the pruning effect largely. ¤

(a) Time-series  Q/S and Q’s multi-envelope. (b) Rotation-invariant distance                           .( )
�� �����RID Q S
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Figure 4: An example of RID(Q[a,b], S) and its LB[a,b](Q,S) in the time-series domain.

Figure 5 illustrates the sequences of Figure 4 in the image domain. As in Figure 3, Q and S of Figure

5 represent leaf and heart images, respectively. The dotted line containing the leaf image represents U [0,44];

the dotted line contained in the leaf image represents L[0,44]. The shaded areas of Figures 5(b) and 5(c)

represent RID(Q[0,44], S) and LB[0,44](Q,S), respectively. We here note that, in Figure 3(c), the heart

image is wholly included in [L, U ], but in Figure 5(c), it is not wholly included in [L[0,44], U [0,44]]. That is,

the leaf image is partially overlapped with the envelope. Due to this overlap, the shaded area of Figure 5(c)

is computed as the lower bound LB[0,44](Q,S).

Even though LB[a,b](Q,S) is tighter than LBSE(Q, S), we cannot use LB[a,b](Q,S) directly in rotation-

invariant image matching since it is a lower bound of RID(Q[a,b], S) but not RID(Q,S). That is, in Exam-

ple 2, LB[0,44](Q,S) is larger than LBSE(Q,S) and exploits the pruning effect largely, but we cannot sim-
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(c) Multi-envelope lower bound        .(a) Images Q/S and Q’s multi-envelope. (b) Rotation-invariant distance                           .
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Figure 5: An example of RID(Q[a,b], S) and its LB[a,b](Q,S) in the image domain.

ply replace LBSE(Q,S) as LB[0,44](Q,S) because LB[0,44](Q,S) is a lower bound of RID(Q[0,44], S) but

not RID(Q,S). For example, if RID(Q[0,44], S) is larger than RID(Q[45,359], S), RID(Q,S) is determined

by RID(Q[45,359], S) rather than RID(Q[0,44], S). We solve this problem by referring to Keogh et al.’s prior

work [11, 12]. We divide the whole rotation interval into multiple disjoint intervals, obtain local lower

bounds from those intervals, and use their minimum as a lower bound of the whole interval.

Theorem 1 Suppose that, given query and data sequences Q and S of length n, the whole interval [0, n−1]

is divided into m disjoint rotation intervals, [a0, b0], [a1, b1], . . . , [am−1, bm−1](a0 = 0, ak = bk−1 +

1, bm−1 = n − 1, k = 1, . . . , m − 1). Then, the minimum of lower bounds obtained from rotation in-

tervals, minm−1
k=0 LB[ak,bk](Q,S), is a lower bound of the rotation-invariant distance between Q and S,

RID(Q,S).

PROOF: Let Qj be the rotation sequence that shows the minimum distance to S, i.e., D(Qj , S) = minn−1
i=0 D(Qi, S).

Then, by Definition 1, RID(Q, S) = D(Qj , S) holds. Since the whole interval is divided into disjoint in-

tervals, j should be included in a rotation interval, and we let this interval be [a, b], i.e., j ∈ [a, b]. Then,

RID(Q[a,b], S) = D(Qj , S) = RID(Q,S) holds because RID(Q,S) = D(Qj , S) and j ∈ [a, b] hold. It

means that LB[a,b](Q,S) is a lower bound of RID(Q,S) as well as RID(Q[a,b], S). Therefore, the mini-

mum of lower bounds of rotation intervals, minm−1
k=0 LB[ak,bk](Q,S), is a lower bound of RID(Q,S). ¤

Hereafter, we simply denote the lower bound minm−1
k=0 LB[ak,bk](Q,S) of Theorem 1 by LBME(Q,S),

where ME stands for “Multiple Envelopes.” As we explained in Example 2, a local lower bound LB[a,b](Q,S)

is subject to be larger than the single envelope lower bound LBSE(Q,S), and thus, the global lower bound

13



LBME(Q, S) obtained from those local lower bounds is also subject to be larger than LBSE(Q,S). There-

fore, if we use LBME(Q,S) instead of LBSE(Q,S), we can prune more unnecessary distance compu-

tations and improve the overall matching performance. We thus present Algorithm 3, called RI-ME, as

an advanced image matching algorithm that exploits LBME(Q,S). Even though computational complex-

ity of LBME(Q, S) is also Θ(n) as that of LBSE(Q, S), computing LBME(Q,S) is more complex than

LBSE(Q,S). Compared to LBSE(Q,S), however, LBME(Q,S) exploits the better pruning effect and

produces the higher performance.

Algorithm 3 RI-ME (query sequence Q, a set S of data sequences, tolerance ε)
1: Divide the whole interval [0, n− 1] to m rotation intervals [a0, b0], . . . , [am−1, bm−1];
2: Construct [L[ak,bk], U [ak,bk]] from Q for each [ak, bk] (k = 0, . . . , m− 1); // multiple envelopes
3: R := ∅; // R is the result set.
4: for each data sequence S ∈ S do
5: if LBME(Q,S) ≤ ε then // discard S immediately if LBME(Q,S) > ε
6: if RID(Q,S) ≤ ε then // compute the actual rotation-invariant distance
7: R := R ∪ {S}; // include S in the result
8: end-if
9: end-for

10: end-for
11: return R; // return the result set containing rotation-invariant similar sequences.

5 Rotation Interval Division in Multi-Envelope Matching

To use RI-ME, we need to know how to divide the whole interval into multiple rotation intervals. In this

section, we discuss the division method of determining the size of each rotation interval on the given number

of intervals. Section 5.1 presents the equi-width division that divides the whole interval into the equal-sized

intervals. Section 5.2 presents the envelope-minimization division that minimizes the total area of envelopes

and proposes a heuristic algorithm as a practical implementation of envelope-minimization division.

5.1 Equi-Width Division

If the sequence length and the number of rotation intervals are n and m, respectively, Equi-width division

divides the whole interval [0, n − 1] into m b n
mc rotation intervals. More precisely, it divides the interval
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[0, n− 1] into m intervals of Eq. (7).

[
0,

⌊ n

m

⌋
− 1

]
,
[⌊ n

m

⌋
, 2 ·

⌊ n

m

⌋
− 1

]
, . . . ,

[
(m− 1) ·

⌊ n

m

⌋
, n− 1

]
(7)

Equi-width division has an advantage of simplicity. However, there is no effort on increasing the lower

bound LBME(Q,S), and, in particular, if maximum and/or minimum entries are scattered in many intervals,

the lower bound may decreases.

5.2 Envelope-Minimization Division

Envelope-minimization division is based on the intuition that the smaller envelope, the larger lower bound.

In RI-ME, the envelope-minimization division constructs multiple envelopes from rotation intervals so as to

minimize the total area of those envelopes. To explain this, we first define the envelope area as follows.

Definition 6 Given a query sequence Q of length n, the envelope area of rotation interval [a, b], denoted

by Area(Q, [a, b]), is defined as the Euclidean distance between the uppermost sequence U [a,b] and the

lowermost sequence L[a,b], that is, Area(Q, [a, b]) =

√∑n−1
i=0

∣∣∣u[a,b]
i , l

[a,b]
i

∣∣∣
2
. ¤

We now formally define the envelope-minimization division using the envelope area of Definition 6.

Definition 7 Suppose that, given a query sequence Q of length n, the whole interval [0, n − 1] is divided

into m disjoint rotation intervals, [a0, a1 − 1], [a1, a2 − 1], . . . , [am−1, am − 1](a0 = 0, am = n). Then,

the envelope-minimization division is the method of determining the rotation intervals so as to minimize the

sum of envelope areas of [ak, ak+1− 1]’s, that is, the method of determining ak (k = 1, . . . ,m− 1) so as to

minimize
∑m−1

k=0 Area(Q, [ak, ak+1 − 1]). ¤

The envelope-minimization division, however, is not practical since there are too many cases of con-

structing rotation intervals. More precisely, for the whole interval [0, n − 1], the number of possible cases

constructing m rotation intervals is computed as
(

n−2
m−1

)
(= the number of cases of selecting (m − 1) ak’s

from 1 to n − 2), which incurs a huge number of cases. For example, if the sequence length (n) and the

number of intervals (m) are 360 and 8, respectively, we need to investigate total
(
358
7

)
(= about 1.41× 1014)

cases, that is, we need to compute
∑m−1

k=0 Area(Q, [ak, ak+1 − 1]) for
(
358
7

)
cases. Therefore, we cannot

use the envelope-minimization division as it is.
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To solve the problem above, we propose a heuristic algorithm that reduces the number of possible cases

constructing rotation intervals. Instead of the optimal solution of minimizing
∑m−1

k=0 Area(Q, [ak, ak+1 −
1]), the heuristic approach finds an approximate solution that investigates local optimums. Algorithm 4

shows such a heuristic algorithm that finds an approximate solution. Line 1 shows the initial division that

divides [0, n − 1] into m equal-sized intervals, and Line 2 computes the initial sum of envelope areas. In

Lines 4 to 6, for each interval divider aj , we repeatedly compute the sum of envelope areas by changing aj

from aj−1 +1 to aj+1−2 (since aj should be greater than aj−1 and less than aj+1−1), and we then update

the divider aj as the new one that shows the smallest sum. In other words, we repeatedly find local optimal

values of aj’s by changing each aj in its limited interval of [aj−1 +1, aj+1−2]. We perform this step (Lines

4 to 6) for every aj except a0, and repeat this step until there is no change in all aj’s (Lines 3 to 7).

Algorithm 4 Heuristic-Division(query sequence Q)
1: Divide [0, n− 1] into m intervals [a0, a1 − 1], . . . , [am−1, am − 1] by the equi-width division;
2: Compute

∑m−1
k=0 Area(Q, [ak, ak+1 − 1]); // the initial sum of envelope areas.

3: repeat
4: for j := 1 to (m− 1) do // for each aj , find a local optimum.
5: Set aj as the value in the limited interval of [aj−1 + 1, aj+1 − 2]

such that
∑m−1

k=0 Area(Q, [ak, ak+1 − 1]) becomes minimum;
6: end-for
7: until no change in a1, . . . , am−1;
8: return [a0, a1 − 1], . . . , [am−1, am − 1]; // return an approximate solution.

Using the heuristic algorithm we can significantly reduce the number of possible cases constructing

rotation intervals. The number of cases considered in Heuristic-Division of Algorithm 4 is analyzed as

follows. In Line 5, for each aj , we investigate one case of computing
∑m−1

k=0 Area(Q, [ak, ak+1 − 1]) for

every value in [aj−1 + 1, aj+1 − 2]. We here note that the values of all aj’s are eventually changed from

1 to n − 2, and the number of cases considered for all aj’s is n − 2. Since the for loop of Lines 4 to 6

is repeated (m − 1) times, the number of cases now becomes approximately mn (≈ (n − 2) · (m − 1)).

If the repeat loop of Lines 3 to 7 is repeated r times, the heuristic algorithm investigates approximately

rmn cases. According to our extensive experiments, r is quite smaller than n; in the experiments, r is

usually less than 10 if n is 360. Thus, we can say that rnm of Heuristic-Division is quite much smaller

than
(

n−2
m−1

)
of the exhaustive algorithm. For example, if n and m are 360 and 8, respectively, the exhaustive

algorithm investigates 1.41 × 1014 cases; in contrast, the heuristic algorithm investigates approximately

20, 000 ∼ 30, 000 cases only.
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6 Multi-Step Rotation-Invariant Image Matching

In this section, we present an advanced multi-step matching scheme that obtains multi-level lower bounds by

dividing each rotation interval in half and progressively prunes search spaces using those lower bounds. In

RI-ME of Section 4, we need to determine the number of rotation intervals in advance, and that number has a

large influence on the lower bound and the matching performance. We explain this in more detail. In RI-ME

of Algorithm 3, we divide the whole interval into m rotation intervals. We here note that, if each interval

is too large (i.e., m is too small), local lower bounds and their minimum LBME(Q,S) become smaller,

and the overall matching performance decreases; if each interval is too small (i.e., m is too large), the lower

bound LBME(Q,S) becomes larger, but we need to compute a large number of local lower bounds, and this

heavy computation incurs the bad matching performance. In summary, the number m of rotation intervals is

an important factor for the matching performance, but finding the optimal m is very difficult since it varies

by types and/or lengths of time-series data4. To overcome this problem, we present the multi-step matching

algorithm that obtains the higher performance even without determining the number of rotation intervals in

advance.

We now explain the working mechanism of multi-step matching as follows. For simplicity, we assume

that the whole interval is [0, 359]. In the first step, we attempt to discard the data sequence S by using

LB[0,359](Q,S), the lower bound over the whole interval. If S is not discarded, we attempt to discard it again

by using LB[0,179](Q,S) and LB[180,359](Q,S) obtained from dividing [0, 359] in half. If S still remains,

we next use four lower bounds LB[0,89](Q,S), LB[90,179](Q, S), LB[180,269](Q,S), and LB[270,359](Q, S)

by dividing [0, 179] and [180, 359] in halves, respectively. We continue these pruning attempts until S is

discarded or S is determined as a rotation-invariant similar sequence. This multi-step approach can be seen

as a kind of greedy solution that investigates similar intervals only by aggressively discarding dissimilar

intervals.

As a traverse order among rotation intervals, we use the BFS (best-first-search) strategy that investi-

gates the interval having the minimum local lower bound first. This is because the actual rotation-invariant

distance is likely to be determined in the interval having the minimum local lower bound. For example, sup-

pose that there are four intervals whose local lower bounds are 80, 30, 60, and 90, respectively, and the given
4In Section 7, we determine m through extensive experiments. Finding a theoretical optimal m is another challenging issue

since it varies by types of boundary images and lengths of sequences, and we leave this issue as a further study.
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tolerance is 70. Then, the first and the fourth intervals are pruned immediately since their bounds exceed

70. But, we need to continue the investigation for the second and the third intervals since their bounds are

smaller than 70. We here choose the second interval first by the BFS strategy. This is because the second

interval has the smallest lower bound, and the actual distance is highly likely to be determined in this second

interval. To implement the BFS strategy, in this paper we use the priority queue [3].

Algorithm 5 shows the multi-step matching algorithm, called RI-MS, where MS stands for “Multi-

Steps.” RI-MS consists of two parts: the envelope construction part and the BFS traverse part. Func-

tion ConstructLU() shows the envelope construction part, which is called in Line 1 of RI-MS. In Con-

structLU(), we construct envelopes for all possible rotation intervals of query sequence Q. We here assume

that the envelope [L[a,b], U [a,b]] of the interval [a, b] is a global variable5. Function ConstructLU() works as

follows. It first constructs the envelope [L[a,b], U [a,b]] for the given interval [a, b] (Line 19). It then obtains

two sub-intervals [a,m] and [m + 1, b] by dividing [a, b] in half and constructs their envelopes by recur-

sively calling ConstructLU() with those sub-intervals (Lines 19 to 22). Likewise, we constructs all possible

envelopes first, and using them we perform the rotation-invariant matching next.

We now explain the BFS traverse part of RI-MS. In Lines 3 to 17, for each data sequence S, we deter-

mine whether S is similar to Q or not by traversing rotation intervals in a BFS manner. First, we initialize

the priority queue (Line 4) and push the whole interval [0, n−1] with its lower bound LB[0,359](Q,S) to the

queue (Line 5). After then, we repeat Lines 6 to 16 that pop an interval from the queue and investigate it to

be pruned or to be continued to its sub-intervals. Here, if the lower bound (lb) of the popped interval exceeds

the tolerance, we prune the interval without no more investigation (Line 8). If not, i.e., if lb is less than or

equal to the tolerance, we divide the interval into two sub-intervals and push them with their lower bounds

to the queue (Lines 11 and 13). In Lines 12 and 14, we compute the Euclidean distance directly since the

interval size is 1, which means that the envelope is a rotation sequence itself. If the Euclidean distance is less

than or equal to the tolerance, we include the current sequence S in the result set, stop investigating S (i.e.,

escape from the while loop), and continue to the for loop to handle the next data sequence. The following
5In RI-MS, we compute all possible query envelopes in advance and maintain them in main memory. Without loss of generality,

let’s assume that the sequence length n is 2n. Then, in RI-MS, the number of envelopes will be (2k−1) (= 20 +21 + · · ·+2k−1).
That is, the number of all envelopes becomes (n − 1), and if n < 2k, the number will be less than (n − 1). For each envelope,
we maintain two sequences U and L, each of which consists of n entries. Thus, we need to maintain total 2n2 entries (= n
envelopes × 2n entries) for a query sequence. For example, if the sequence length is 360 and each entry requires four bytes, we
then require 1, 036, 800 bytes to store all the envelopes, which is less than 1MB and is enough small to be maintained in main
memory. Therefore, we maintain all possible envelopes in main memory through the pre-computation, which is negligible in the
overall matching performance since the usual environment contains a huge number of data sequences to be compared.
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Algorithm 5 RI-MS (query sequence Q, a set S of data sequences, tolerance ε)
1: ConstructLU(Q, [0, n− 1]);
2: R := ∅;
3: for each data sequence S ∈ S do
4: InitializePQ(); // initialize the priority queue
5: PushPQ(<[0, n− 1], LB[0,n−1](Q,S)>); // push the whole interval with its lower bound
6: while PQ is not empty do
7: PopPQ(<[a, b], lb>; // pop the interval whose lower bound is smallest
8: if lb > ε then prune the interval [a, b] immediately;
9: else

10: m := a +
⌊

b−a
2

⌋
; // divide the interval in half

11: if a 6= m then PushPQ(<[a,m], LB[a,m](Q,S)>);
12: else if D(Qa, S) ≤ ε then R := R ∪ {S} and break; // a = m
13: if (m + 1) 6= b then PushPQ(<[m + 1, b], LB[m+1,b](Q,S)>);
14: else if D(Qb, S) ≤ ε then R := R ∪ {S} and break; // (m + 1) = b
15: end-if
16: end-while
17: end-for
18: return R; // return the result set containing rotation-invariant similar sequences.

Function ConstructLU(query sequence Q, rotation interval [a, b])
19: Construct L[a,b] and U [a,b] from Q;
20: m := a +

⌊
b−a
2

⌋
; // divide the interval in half

21: if a 6= m then ConstructLU(Q, [a,m]);
22: if (m + 1) 6= b then ConstructLU(Q, [m + 1, b]);

corollary shows the correctness of the multi-step matching algorithm RI-MS.

Corollary 1 RI-MS of Algorithm 5 performs the rotation-invariant image matching correctly, that is, it

finds all data sequences whose rotation-invariant distances are less than or equal to the tolerance ε without

any false dismissal.

PROOF: RI-MS divides each interval into two disjoint intervals and computes their lower bounds. We

already proved the correctness of these lower bounds in Lemma 2, and accordingly, the pruning step, Line 8

of RI-MS, incurs no false dismissal. In addition, for the unpruned rotation sequences, RI-MS identifies their

similarity to the query sequence by computing their actual Euclidean distances (Lines 12 and 14). Therefore,

RI-MS eventually finds all the rotation-invariant similar sequence correctly. ¤

We finally discuss the computation complexity of RI-MS. Worst case complexity of RI-MS is Θ(n2).

This is because, at the worst case, it requires n lower bound computations (LB[a,b](Q, S)) for all possible

lower bounds and n distance computations (D(Qj , S)) for all possible rotation sequences, and all these com-
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putations yield 2n2 multiplications/additions. This worst case complexity seems to be worse than that of

computing the original rotation-invariant distance RID(Q,S). However, most of data sequences are pruned

very quickly by their envelope-based lower bounds (Line 8), or their rotation-invariant distances are com-

puted very early by the BFS traverse (Lines 12 and 14). Therefore, compared with computing RID(Q,S),

RI-MS significantly reduces multiplications/additions and eventually improves the overall matching perfor-

mance. We confirm this improvement through extensive experiments of Section 7.

7 Performance Evaluation

7.1 Experimental Data and Environment

In the experiments we use three image datasets. The first one is the Mixed-bag dataset [11, 12] that consists

of 160 various images, and we call it MIXED DATA. The second one is the SQUID dataset [1] that consists

of 1,280 images of marine creatures. This dataset is publicly used for similarity search of images, and we

call it SQUID DATA. The third dataset consists of 10,259 images collected from the Web [13, 22], and we

call it WEB DATA. In the experiments, we first extract boundary images from original images, and then

convert them to time-series of length 360.

The hardware platform is a SUN Ultra workstation equipped with UltraSPARC IIIi CPU 1.34GHz,

1.0GB RAM, and 80GB hard disk, and its software platform is Solaris 10 operating system. We compare

five algorithms: the previous RI-Naive and RI-EA; the proposed RI-SE, RI-ME, and RI-MS. In particular,

for the multi-envelope algorithm RI-ME, we experiment two cases: RI-ME(EW) for using the equi-width

division and RI-ME(EM) for using the envelope-minimization division. (EW and EM stand for “equi-width”

and “envelope-minimization,” respectively.) We perform four different experiments. The first experiment is

to determine the number of rotation intervals in RI-ME. The matching performance of RI-ME may vary by

the number of intervals, and we try to find out which number shows the best performance for RI-ME. In the

next three experiments, we measure the number of rotation-invariant distance (RID(Q, S)) computations

and the actual wall clock time for each of three datasets. The former metric is to show how many (unneces-

sary) distance computations are pruned by the proposed algorithms; the latter metric is to show how much

performance is improved by the pruning effect. RI-MS, however, does not compute RID(Q,S) itself, but

instead computes the Euclidean distance (D(Qj , S) only. Thus, for RI-MS, we cannot measure the number
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of RID(Q,S) computations, and accordingly, we provide the wall clock time only.

7.2 Experimental Results

7.2.1 Determination of the Number of Rotation Intervals for RI-ME

In this experiment, we find out the (pseudo) optimal number of rotation intervals for RI-ME, and we use it

commonly for RI-ME(EW) and RI-ME(EM) in the next three experiments.

Figure 6 shows change of the envelope area, the time of constructing lower bounds, and the actual

matching time of RI-ME(EW) by varying the number of rotation intervals. In the experiment, we use

180, 90, 60, . . . , 3, 2, 1 as the number of intervals and set the tolerance to 60. As shown in Figure 6(a),

as the number of intervals decreases (i.e., as the size of intervals increases), the envelope area increases.

This is obvious since the smaller number of intervals incurs the more number of rotation sequences in an

interval, which causes the larger envelope area. As we explained in Section 4, the larger envelope decreases

the pruning effect, and thus, we can say that, if we consider the result of 6(a) only, the larger number

of intervals causes the better matching performance. The larger number of intervals, however, incurs the

more number of lower bound (minm−1
k=0 LB[ak,bk](Q,S)) constructions. Figure 6(b) shows this overhead

of constructing lower bounds as the actual execution time. As shown in Figure 6(b), as the number m of

intervals decreases (i.e., the size of intervals increases), the lower bound construction time also decreases.

In summary of Figures 6(a) and 6(b), we can conclude that there is a tradeoff between the envelope area

and the lower bound construction time. That is, as the number of rotation intervals decreases, the envelope

area increases, but at the same time the lower bound construction time decreases; in contrast, as the number

of intervals increases, the envelope area decreases, but at the same time the lower bound construction time

increases.

Considering the tradeoff between the envelope area and the lower bound construction time, we use the

actual matching time of RI-ME(EW) to experimentally determine the optimal number of rotation intervals.

This is because the matching time reflects these two factors simultaneously. Figure 6(c) shows the actual

matching time that looks like a merged version of Figures 6(a) and 6(b). We note that the graphs of Figure

6(c) are the shape of ‘U’, which means that, in the left-hand side (i.e., in the larger number of intervals),

computing lower bounds takes much time; in the right-hand side (i.e., in the smaller number of intervals),
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Figure 6: Experimental results of RI-ME(EW) by varying the number of rotation intervals.

computing rotation-invariant distances takes much time due to the larger lower bounds. According to Figure

6(c), we get the higher matching performance if the number of intervals is 36, 30, 20, and 18, regardless of

datasets.

Figure 7 shows the actual matching time on different tolerances. We change the number of intervals as

in Figure 6 and use 30, 60, and 90 as the tolerance. In Figure 7, we note that different tolerances locate their

corresponding graphs in different positions. This is because the larger tolerance produces the more similar

images that requires the more number of rotation-invariant distance computations. We also note that all the

graphs in Figure 7 show the shape of ‘U’ as in Figure 6(c). Even though we use different tolerances, the

optimal numbers of intervals are 36, 30, 20, and 18, regardless of datasets. Therefore, we select the first 36

as the number of intervals for RI-ME(EW) and RI-ME(EM).

7.2.2 Experimental Results of MIXED DATA

Figure 8 shows the experimental result of MIXED DATA, where we measure the number of RID(Q, S)

computations and the actual matching time by varying the tolerance. As shown in Figure 8(a), the proposed

RI-SE and RI-ME significantly reduce the number of distance computations compared with RI-Naive and

RI-EA. This confirms that our envelope-based approach prunes many unnecessary RID(Q,S) computa-

tions. In Figure 8(a), RI-Naive and RI-EA show the same number of RID(Q,S) computations. This is

because RI-EA cannot reduce the number itself even though it improves the matching performance through
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Figure 7: Experimental results of RI-ME(EW) on different user-specified tolerances.

the early abandon (see Figure 8(b)). In Figure 8(a), we note that RI-ME further reduces RID(Q,S) compu-

tations compared with RI-SE, which means that LBME(Q, S) is much tighter than LBSE(Q,S), and the

pruning effect of RI-ME is much larger than that of RI-SE. Figure 8(a) also shows that RI-ME(EM) slightly

outperforms RI-ME(EW). This means that the heuristics of minimizing the envelope area works well in

increasing the lower bound and maximizing the pruning effect.
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Figure 8: Experimental results of MIXED DATA.

Figure 8(b) shows that the proposed algorithms significantly reduce the wall clock time compared

with the previous ones. (Note that y axis is a log scale.) The reason why our RI-SE, RI-ME, and RI-MS

outperform RI-Naive and RI-EA is in Figure 8(a), where our algorithms reduce RID(Q,S) computations

significantly. Unlike Figure 8(a), RI-EA outperforms RI-Naive since it exploits the early abandon [12] in
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computing RID(Q,S). In all cases of Figure 8(b), however, our RI-SE, RI-ME, and RI-MS outperform

RI-EA as well as RI-Naive. In particular, RI-MS and RI-ME(EM) show the best performance since the

former exploits the largest pruning effect, and the latter uses the optimal division of intervals. In summary,

compared with RI-Naive and RI-EA, our RI-MS reduces the matching time by up to 81.4 and 3.9 times,

respectively.

7.2.3 Experimental Results of SQUID DATA

Figure 9 shows the experimental result of SQUID DATA. We note that the overall trend of Figure 9 is very

similar to that of Figure 8. That is, both in the number of RID(Q,S) computations and the actual matching

time, the proposed algorithms significantly outperform the previous ones. Comparing Figure 9(a) with

Figure 8(a), however, differences among the numbers of RID(Q,S) computations decrease rapidly as the

tolerance increases. This is because boundary images of SQUID DATA are similar to each other, and those

many similar images incur many RID(Q,S) computations in the larger tolerance. In the matching time of

Figure 9(b), RI-SE is not superior to RI-EA due to its large envelope problem explained in Example 1. A

notable point is that the matching time of RI-MS, which we think the best, is worse than that of RI-ME if

the tolerance is 30. According to our analysis, since SQUID DATA has many similar images, for the smaller

tolerance, RI-MS cannot prune many intervals in an early stage, and it should investigate many search steps.

Except this small tolerance case, RI-MS usually shows the best performance and outperforms RI-Naive and

RI-EA by up to 88.4 and 5.8 times, respectively.
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Figure 9: Experimental results of SQUID DATA.
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7.2.4 Experimental Results of WEB DATA

Figure 10 shows the experimental result of WEB DATA. The overall trend of Figure 10 is very similar

to those of Figures 8 and 9. Like the previous two experiments, the matching performance is ordered by

RI-Naive, RI-EA, RI-SE, RI-ME, and RI-MS. In Figure 10, RI-MS outperforms RI-Naive and RI-EA by

up to 141.6 and 7.3 times, respectively. In summary of experimental results of Figures 8, 9, and 10, our

envelope-based algorithms beat the previous algorithms, and in particular, RI-ME and RI-MS of exploiting

multiple envelopes improve the performance significantly, regardless of data types and tolerances.
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Figure 10: Experimental results of WEB DATA.

8 Conclusions

Keogh et al. had proposed a novel notion of envelopes and their lower bounds in [11, 12], and in this paper

we used the notion to improve the matching performance in rotation-invariant boundary image matching.

By using the envelope-based lower bound, the proposed approach dramatically reduced rotation-invariant

distance computations, which were the most time-consuming operations. We first explained a single en-

velope lower bound originally proposed by Keogh et al.’s work in [12]. For a given query sequence, its

single envelope was constructed by bounding all possible rotation sequences. By referring to Keogh et al.’s

prior work of [11, 12], we defined the distance between this query envelope and a data sequence, formally

proved that the distance was a lower bound of the rotation-invariant distance, and introduced a matching al-

gorithm, called RI-SE, using the single envelope lower bound. The single envelope approach, however, had
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a problem of incurring a large lower bound due to considering all possible rotation sequences. To solve this

problem, we then introduced a concept of rotation intervals and generalized a single envelope to multiple

envelopes with the help of Keogh et al.’s work [12]. In this multi-envelope approach, we divided the whole

interval into multiple disjoint intervals, obtained local lower bounds from the corresponding envelopes, and

finally got a global lower bound from those local lower bounds. We explained why the multi-envelope lower

bound was tighter than the single envelope lower bound, and using it we proposed another matching algo-

rithm, called RI-ME. We also proposed equi-width and envelope-minimization divisions as the method of

determining rotation intervals in RI-ME.

We next proposed the multi-step matching algorithm, called RI-MS. The multi-envelope algorithm,

RI-ME, had a difficult problem that had to determine the optimal number of rotation intervals. RI-MS solved

this problem through the greedy strategy that traversed rotation intervals by the best-first-search order and

progressively pruned those intervals using their envelope-based lower bounds. We finally performed exten-

sive experiments to show the superiority of our envelope-based algorithms. Experimental results showed

that our envelope-based algorithms significantly outperformed existing algorithms. In particular, compared

with existing algorithms, our RI-ME and RI-MS improved the matching performance by one to three orders

of magnitude. These results indicate that our envelope-based matching algorithms are excellent in handling

a large volume of image databases that require frequent computing of rotation-invariant distances.
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